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We theoretically investigate the efficiency of an entanglement swapping procedure based on the use
of quantum dots as sources of entangled photon pairs. The four-photon interference that affects such
efficiency is potentially limited by the fine-structure splitting and by the time correlation between
cascaded photons, which provide which-path information. The effect of spectral inhomogeneity is
also considered, and a possible quantum eraser experiment is discussed for the case of identical dots.
PACS numbers: 78.67.Hc,42.50.Ex,03.67.Hk
A deterministic source of entangled photon pairs
represents a fundamental building block in quantum-
computing and communication [1]. As the semiconductor
analogue of atomic systems, quantum dots (QDs) offer
interesting opportunities in this perspective. They can
in fact be electrically or optically driven, so as to trigger
the emission of an energy-polarization entangled photon
pair, originating from the cascade decay of the biexciton
state [2–8]. The amount of entanglement in the two-
photon state can however be limited by specific features
of the dot dynamics and of its optical spectrum. These
include a classical uncertainty in the initial time of the
decay process, dephasing of the quantum dot state, and
the fine structure splitting between the excitonic tran-
sitions [9–12]. In particular, this latter feature intro-
duces a polarization dependence in the photon energies,
which tends to suppress two-photon interference and con-
sequently degrades the emitted photons to a classically
correlated pair [13]. Possible strategies for erasing the
which-path information include spectral filtering, tuning
of the fine-structure splitting [14, 15] or of the cavity fre-
quency [16, 17], and time reordering of the photon pair
[18, 19].
In order to assess the suitability of these cascaded
photons for quantum-information applications, one needs
however to investigate also higher-order coherences [20,
21]. In this perspective, we investigate here an entangle-
ment swapping procedure, based on the use of two inde-
pendent polarization-entangled photon pairs. The entan-
glement swapping allows one to entangle two photons be-
longing to different pairs, by performing a Bell-state mea-
surement on their twin photons [1]. The efficiency of such
procedure can be expressed in terms of four-photon coin-
cidence probabilities, and is maximal only if four-photon
interference is fully preserved. Here we show that the in-
terference visibility is potentially limited not only by the
fine-structure splitting of each dot, but also by the time
correlation between cascaded photons. A simple manipu-
lation of the photon polarization is also suggested, which
could completely erase the which-path information in the
ideal case of identical emitters. Finally, we quantify the
loss of interference visibility resulting from the spectral
inhomogeneity of the two dots [22], and the correspond-
ing loss in the entanglement swapping efficiency.
Dynamics of the two-photon sources – Each of the two-
photon sources, hereafter labelled A and B, is modelled
FIG. 1: (color online) (a) Level scheme of each quantum
dot: |4〉 corresponds to the biexciton state, |2〉 and |3〉 to
the linearly-polarized bright-exciton states, and |1〉 to the
ground state. The cascade decay from state |4〉 gives rise
to the sequential emission of two photons, with frequencies ω
and ω′ > ω, and with identical linear polarization (either H
or V ). (b) Schematics of the experimental setup to which we
refer in quantifying the efficiency of the entanglement swap-
ping. The two red photons (ω) enter the input ports of a
balanced beam splitter (BS), and are detected in D1 and D2.
The two blue photons (ω′) are detected in D3 and D4.
as a four-level system (Fig. 1(a)). This is initially driven
to state |4〉 by a delta-pulse excitation, and evolves there-
after under the effect of radiative decay (~ = 1):
ρ˙ = i[ρ,H0] +
∑
k
1
2
(
2σkρσ
†
k − ρσ†kσk − σ†kσkρ
)
, (1)
where H0 = ω
′(|2〉〈2|+|3〉〈3|)+(ω+ω′)|4〉〈4|. The ladder
operators σk that enter the above master equation in the
Lindblad form are given by:
σ1≡
√
Γ|2〉〈4|, σ2≡
√
Γ|3〉〈4|, σ3≡
√
Γ′|1〉〈2|, σ4≡
√
Γ′|1〉〈3|.
(2)
The odd (even) numbered transitions above correspond
to the emission of horizontally (vertically) polarized pho-
tons.
The light emitted by each quantum dot, while radia-
tively relaxing to the ground state, can be characterized
by second-order coherence functions of the form:
Gijkl(t1, t3, t4, t2) = 〈σ†i (t1)σ†j (t3)σk(t4)σl(t2)〉, (3)
which are computed by means of the quantum regression
theorem [23]. In particular, the relevant functions turn
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2out to be those with ij=13, 24 and kl=31, 42, which for
t1 < t2 < t3 < t4 take the form [24]:
Gijkl=ΓΓ
′e−2Γt1−(Γ+Γ
′/2+iω)t21−Γ′t32−(Γ′/2+iω′)t43, (4)
and vanish identically for negative t31 or t42 (tij ≡ ti−tj).
The two-photon sources A and B evolve independently
from one another. Besides, for most of the present dis-
cussion, they can be assumed to be identical in terms of
emission rates and frequencies.
Entanglement swapping – Ideally, the cascade decay
of each dot η results in the emission of two energy-
polarization entangled photons: |ψphη 〉 = (|H;H〉 +
|V ;V 〉)/√2, where the semicolon separates photons with
frequencies ω and ω′. Being ω < ω′, we refer hereafter
to these photons as the red and blue ones, respectively.
The four-photon state emitted by the two sources is thus
given by: |ψphAB〉 = |ψphA 〉 ⊗ |ψphB 〉 = (|H,H;H,H〉 +|V, V ;V, V 〉 + |H,V ;H,V 〉 + |V,H;V,H〉)/2. The two
blue photons are emitted independently from one an-
other, and are in fact uncorrelated. However, they can
be projected onto a maximally entangled state by means
of an entanglement swapping procedure, based on the
measurement of the red photons in the Bell-states basis
[1]. In particular, we consider the case where such mea-
surement is performed within an Hong-Ou-Mandel setup
(Fig. 1(b)), which allows one to distinguish the Bell state
|Ψ−〉 = (|HV 〉 − |V H〉)/√2 from all the others. In fact,
the preparation of a state |Ψ−〉 at the input ports a and b
of the beam splitter leads to the detection of coincidence
events at the output ports c and d (coupled to the detec-
tors D1 and D2, respectively), while this is not the case
with any other Bell state [25].
In the Bell-state basis, the four-photon state generated
by the cascade decay of the two QDs reads: |ψphAB〉 =
1
2 (|Φ+ab; Φ+a′b′〉+ |Φ−ab; Φ−a′b′〉+ |Ψ+ab; Ψ+a′b′〉+ |Ψ−ab; Ψ−a′b′〉),
where a′ (b′) is the mode corresponding to the blue pho-
ton emitted by dot A (B), and coupled to detector D3
(D4). The detection of a coincidence event by D1 and
D2 thus singles out the last of the above components,
and projects the state of the two blue photons on |Ψ−a′b′〉.
The efficiency of such entanglement swapping procedure
with postselection is quantified hereafter in terms of the
relevant four-photon detection probabilities.
Four-photon detection probabilities – A state |Ψ−ab〉 pre-
pared at the input ports of a balanced beam splitter
evolves in a state |Ψ−cd〉 at the output ports. This state in
principle gives rise to a coincidence event, corresponding
to the detection of two photons with orthogonal linear
polarizations at the modes c and d. The probability that
these detections take place at the times t1 and t2 is given
by the expectation value of the operator:
Xcd(t1, t2) = Γ
2
(
a†cHa
†
dV adV acH + a
†
cV a
†
dHadHacV
)
,(5)
where acχ = acχ(t1) and adχ = adχ(t2) (χ = H,V ).
In order to derive the expectation value of Xcd, we re-
duce the photonic annihilation and creation operators to
the ladder operators of the QDs. This is done by applying
first the input-oputut relations of the 50:50 beam-splitter:
acχ=(aaχ+iabχ)/
√
2, adχ=(abχ+iaaχ)/
√
2 (χ=H,V),(6)
FIG. 2: (color online) All possible paths that lead to the
detection of one photon by each of the four detectors, with
orthogonal linear polarizations for photons of equal frequency.
The two red photons, emitted by the dots A and B, are de-
tected in D1 and D2 after being both transmitted (panels
(a,b)) or reflected (c,d) by the balanced beam splitter (BS).
The blue photon emitted by dot A (B) is always detected in
D3 (D4).
and then the source-field relations [26]:
aaH =σ1A, aaV =σ2A, abH =σ1B , abV =σ2B . (7)
The expression of the operator Xcd which is obtained by
combining Eqs. 5-7 reads:
Xcd(t1, t2) =
1
4
∑
k=1,2
∑
η=A,B
σ†kη(t1)σ
†
k¯η¯
(t2)[
σk¯η¯(t2)σkη(t1)− σkη¯(t2)σk¯η(t1)
]
, (8)
where k¯ = 3− k, A¯ = B and B¯ = A.
The time-resolved probability that the two blue pho-
tons form a Bell state can also be expressed as a combina-
tion of second-order coherence functions. In particular,
if the detection of the two photons at D3 and D4 takes
place at the times t3 and t4, respectively, such probabil-
ity coincides with the expectation value of the operator
[24]:
Ya′b′(t3, t4) =
1
2
(
σ†3Aσ
†
4Bσ4Bσ3A + σ
†
4Aσ
†
3Bσ3Bσ4A
− σ†3Aσ†4Bσ3Bσ4A − σ†4Aσ†3Bσ4Bσ3A
)
, (9)
where σkA = σkA(t3) and σkB = σkB(t4) (k = 3, 4).
Here, we have made use of the source-field relations (Fig.
1):
aa′H =σ3A, aa′V =σ4A, ab′H =σ3B , ab′V =σ4B . (10)
3FIG. 3: (color online) Dependence of the interference term R
on the fine-structure splittings ωη32 of the two dots (η = A,B).
Only the intermediate energy levels are modified, according
to the relations: Eη2,3 = ω ∓ ωη32/2. These splittings are nor-
malized to Γ = Γ′. The panels (a) and (b) refer to the cases
where the partial quantum erasure is (Eq. 20) and is not
applied (Eq. 18), respectively.
As a figure of merit of the entanglement swapping, we
use the joint probability P of detecting a coincidence
event in the modes c and d, and measuring the Bell state
|Ψ−〉 in a′ and b′. Ideally, P should coincide with the
weight of the state |Ψ−ab; Ψ−a′b′〉 in the four-photon state
|ΨphAB〉, which corresponds to 1/4: this value thus repre-
sents the theoretical maximum of P . In order to compute
P , we first derive the probability density of a four-photon
detection by D1−4 at the times t1−4, which is given by:
p(t1, t2, t3, t4) = T 〈: Xcd(t1, t2)Ya′b′(t3, t4) :〉, (11)
where T and : : indicate time and normal ordering of
the ladder operators, respectively. The operators Xcd
and Ya′b′ can be replaced by the respective expressions
in terms of the ladder QD operators (Eqs. 8-9). Being the
two emitters independent from one another, each fourth-
order coherence function can be factorized into the prod-
uct of two second-order coherence functions (Eq. 4), one
for each dot. The time-resolved probability correspond-
ing to the four-photon detection can be finally expressed
as the sum of two kind of contributions [24]:
p =
1
8
∑
k,l=1,2
(qkl + rkl) , (12)
whose expressions in terms of the second-order coherence
functions are given by:
qkl= Real
[
GAlnnl(tk, t3, t3, tk)G
B
l¯n¯n¯l¯(tk¯, t4, t4, tk¯)
]
(13)
rkl= Real
[
GAlnn¯l¯(tk, t3, t3, tk¯)G
B
l¯n¯nl(tk¯, t4, t4, tk)
]
(14)
where k¯ = 3−k, l¯ = 3− l, n = l+2, n¯ = l¯+2. Replac-
ing the coherence functions with the expressions given in
Eq. 4, one can show that, in the case of identical QDs,
all the above terms in square parentheses are real and
independent on the indeces kl:
qkl = (ΓΓ
′)2e(Γ
′−2Γ)(t1+t2)−Γ′(t3+t4) (t3>t1, t4>t2)
rkl = (ΓΓ
′)2e(Γ
′−2Γ)(t1+t2)−Γ′(t3+t4) (t3,t4>t1,t2).(15)
The overall probability P is obtained by integrating p
from 0 to ∞ with respect to the four detection times:
P =Q+R=
1
8
+
1
4
Γ
2Γ + Γ′
, (16)
where the Q and R come from the time integrals of all the
terms qkl and rkl, respectively. The probability P thus
monotonically increases from 1/8, in the limit Γ/Γ′ → 0,
to the theoretical maximum 1/4, for Γ/Γ′ →∞.
Which-path information: time correlation, spectral in-
homogeneity and fine-structure splitting – The two con-
tributions to the probability P can be given a specific
physical interpretation. In particular, the functions qkl
are formally given by the product of probability densi-
ties (Eq. 13), and are thus (joined) probability densities
themselves. Each of them can be related to one of the
possible paths that lead to the detection of one photon
with frequency ω (ω′) at each of the detectors D1 and
D2 (D3 and D4). More specifically, qkl gives the time-
resolved probability that photons emitted by the tran-
sitions lA, nA, l¯B, n¯B are detected respectively at the
times tk, t3, tk¯, t4 by the detectors Dk, D3, Dk¯, D4. The
paths corresponding to q12, q11, q22, and q21 are pictori-
ally represented in the panels (a-d) of Fig. 2.
The functions rkl can instead be interpreted in terms of
quantum interference between pairs of the above paths.
In particular, the two paths corresponding to each term
rkl (Eq. 14) are characterized by the detection at Dk,
D3, Dk¯, D4 of photons respectively emitted by the tran-
sitions lA, nA, l¯B, n¯B or by lB, n¯A, l¯A, nB. They thus
differ from one another both in the source of the photons
detected at D1 and D2, and in the polarization of the
photons that reach D3 and D4 (see panes (a-d) and (b-
c)). In order to preserve the interference between these
two paths, there must be no degree of freedom (other
than polarization) which provides the which-path infor-
mation. In the case of identical QDs, with zero fine-
structure splitting, the which-path information is par-
tially provided by the time correlation between the red
and blue photons; hence the nonoptimal value of P (Eq.
16). In order to support such statement, we note that
rkl = qkl in the time domain where both functions are
finite, but such domain is different in the two cases (Eq.
15). Let’s consider, for example, the case where a blue
photon in D3 is detected before a red one in D1 (t3 < t1,
where qkl > rkl = 0). Such two photons cannot proceed
from the same emitter, for each dot emits two photons in
a well defined time ordering, with the red photon first.
This allows one to distinguish from one another the paths
represented in panels (a-c) or (b-d), and the distinguisha-
bility of the two paths results in a partial loss of the inter-
ference visibility V ≡ |R|/Q. In fact, the visibility is here
directly related to the probability α that one of the two
dots emits a blue photons before the other has emitted a
red one [24]:
α =
Γ′
2Γ + Γ′
= 1− V. (17)
4Besides the time correlation between the red and blue
photons, the which-path information can be provided by
the fine-structure splitting and by possible differences in
the emission frequencies of the two dots. In order to ac-
count for these effects, we generalize Eq. 16 to the case
of nonidentical QDs with finite zero-field splitting. Here,
the coherence functions corresponding to probability den-
sities are unaffected by such energy splitting, and so is
the resulting term Q. The term related to interference
takes instead the form [24]:
R
Q
= Real
{
Γ′
2Γ′+ i(ωA32 − ωB32)
(
Γ′
Γ′+iωA32
+
Γ′
Γ′−iωB32
)
[
Γ
2Γ+Γ′+i(ωA42−ωB42)
+
Γ
2Γ+Γ′−i(ωA43−ωB43)
]}
,(18)
where ωij ≡ Ei − Ej . Equation 18 summarizes the loss
of interference visibility resulting from the different emis-
sion frequencies of the two dots, the fine-structure split-
ting of each dot, and the time correlation between two
cascaded photons.
Partial erasure of the which-path information – In the
subspace corresponding to two photon pairs with orthog-
onal polarizations, the which-path information which re-
sults from the time correlation and the fine-structure
splitting can be erased. In particular, a simple combina-
tion of polarizing beam splitters and polarization rotators
can implement unitary transformations of the modes a′
and b′, described by the source-field relations [24]:
aa′H =σ4B , aa′V =σ4A, ab′H =σ3B , ab′V =σ3A, (19)
which replace Eq. 10. As a result, the relevant interfer-
ence is now between paths that differ from one another
only in the source of the photon that reaches each detec-
tor. This makes the time correlation between the photons
identical in the two paths, and the polarization depen-
dence of the emission energy within each dot irrelevant.
The contribution to P arising from four-photon interfer-
ence thus depends only on the energy difference between
corresponding transitions in the two dots:
R
Q
= Real
[
1
2+iδ32
(
1
3+iδ42
+
1
3−iδ43
)(
1
1−iδ21 +
1
1+iδ31
)
+
1
2+iδ41
(
1
3+iδ42
1
1+iδ31
+
1
3−iδ43
1
1−iδ21
)]
, (20)
where δij ≡ (ωAij − ωBij)/Γ and Γ′ = Γ. As is apparent
from the above equation, the contribution related to in-
terference achieves the theoretical maximum (R = Q)
for δij = 0 (Fig. 3(a)). Such condition corresponds
to quantum emitters with identical emission frequencies,
but doesn’t imply a vanishing fine-structure splitting in
either dot. Besides, no indistinguishability is required
between two photons emitted in cascade by a given dot,
and two emitted by different dots in distinct cascade de-
cays. In the absence of a quantum erasure, the maximum
of |R| can only be achieved if both dots have vanishing
fine-structure splitting (panel (b)), and remains below
the theoretical limit unless Γ Γ′.
In conclusion, we have shown that the efficiency of
the entanglement swapping procedure based on the cas-
cade decay of QDs cannot be reduced to the amount of
frequency-polarization entanglement present within each
pair. A relevant role is also played by the differences
in the emission frequencies of the two dots and by the
time correlation between cascaded photons. These ef-
fects, along with the fine-structure splitting, potentially
provide the which-path information, thus reducing the
visibility of the four-photon interference, and the suc-
cess probability of the entanglement swapping procedure.
The detrimental effect of time correlation can be elimi-
nated by engineering the ratio of the photon emission
rates. For identical emitters, the which-path information
encoded in the fine-structure splitting can be erased by
a simple manipulation of the blue-photon polarization.
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6I. APPENDIX A: DERIVATION OF THE COHERENCE FUNCTIONS
Each of the two quantum dots (QDs) A and B is described by an Hamiltonian H0 = ω
′(|2〉〈2|+|3〉〈3|)+(ω+ω′)|4〉〈4|,
and is intialized (t = 0) in the highest state |4〉. The system dynamics is driven by the radiative relaxation processes
1− 4 (see Eqs. 1-2 of the manuscript). At t > 0, the QD density matrix is thus given by the following mixture of the
eigenstates |k〉 (with k = 1− 4):
ρ(t) =
4∑
k=1
ρkk(t)|k〉〈k| = |4〉〈4|e−2Γt + (|2〉〈2|+ |3〉〈3|) Γ
Γ′ − 2Γ(e
−2Γt − e−Γ′t) + |1〉〈1|
[
1−
4∑
k=2
ρkk(t)
]
. (21)
The multi-time expectation values, such as the coherence functions Gijkl(t1, t3, t4, t2) can be computed by applying
the quantum regression theorem. Let’s start by considering two-time expectation values of the form Gijkl(t1, t2, t2, t1),
for example with i = l = 1 and j = k = 3. The second-order coherence function is computed in the following steps:
ρ(t1 = 0) = |4〉〈4| L(t1)−−−→ ρ(t1) −→ ρ′(t2 = t1) = σ1ρ(t1)σ†1 = Γ|2〉〈2|ρ44(t1)
L(t2−t1)−−−−−−→ ρ′(t2) = Γρ44(t1)
[
(|2〉〈2| − |1〉〈1|)e−Γ′(t2−t1) + |1〉〈1|
]
−→ Tr[σ†3σ3ρ′(t2)] = Γ′Tr[|2〉〈2|ρ′(t2)].
(22)
Therefore, the density matrix evolves for a time t1 under the effect of the superoperator L, corresponding to the
master equation in the Lindblad form (Eqs. 1-2 of the manuscript), and the density matrix ρ′(t2 = t1) is obtained
by applying to ρ(t1) the ladder operators specified by the indeces i and l. Then ρ
′ evolves under the effect of the
superoperator L for a time t2 − t1. Finally, the coherence function corresponds to the expectation value in ρ′(t2) of
the operator σ†jσk.
The procedure is similar for a coherence function with i 6= l and j 6= k, such as, for example, G1342(t1, t2, t2, t1) In
this case, the four steps outlined above lead to the following result:
ρ(t1 = 0) = |4〉〈4| L(t1)−−−→ ρ(t1) −→ ρ′(t2 = t1) = σ2ρ(t1)σ†1 = |3〉〈2|Γρ44(t1)
L(t2−t1)−−−−−−→ ρ′(t2) = Γρ44(t1)|3〉〈2|e−Γ′(t2−t1) −→ Tr[σ†3σ4ρ′(t2)] = Γ′Tr[|2〉〈3|ρ′(t2)]. (23)
Depending on the indeces i and j, the density matrix ρ′ can be initialized in different ways. In computing the
coherence functions, we have made use of the following equations for the time evolution of its matrix elements
ρ′mn = 〈m|ρ′|n〉, induced by the superoperator L:
ρ′42(t2)
ρ′42(t1)
=
ρ′43(t2)
ρ′43(t1)
= e−[(Γ+Γ
′/2)+iω](t2−t1),
ρ′23(t2)
ρ′23(t1)
= e−Γ
′(t2−t1). (24)
We also note that a density matrix ρ′ initialized in state |2〉 or |3〉 evolves into a mixture of such state and of the
ground state |1〉. Anaolgously, if ρ′ is initially proportional to |2〉〈3|, |2〉〈4|, or |3〉〈4|, then the same applies to
ρ′(t2 > t1). Therefore, and in view of the above equations, it is easily verified that the functions Gijkl(t1, t2, t2, t1)
vanish identically for j 6= i+ 2 and k 6= l + 2.
We finally consider the more general case of the three-time expectation values, which can be computed by applying
three times the quantum regression theorem. The required steps are illustrated hereafter for the case i = l = 1 and
j = k = 3 (with t1 < t2 < t3 < t4):
ρ(t1 = 0) = |4〉〈4| L(t1)−−−→ ρ(t1) −→ ρ′(t2 = t1) = ρ(t1)σ†1 = |4〉〈2|
√
Γρ44(t1)
L(t2−t1)−−−−−−→
ρ′(t2) =
√
Γρ44(t1)|4〉〈2|e−[(Γ+Γ′/2)+iω](t2−t1) −→ ρ′′(t3 = t2) = σ1ρ′(t2) = |2〉〈2|
√
Γρ′42(t2)
L(t3−t2)−−−−−−→
ρ′′(t3) = |2〉〈2|
√
Γρ′42(t2)e
−Γ′(t3−t2) −→ ρ′′′(t4 = t3) = ρ′′(t3)σ†3 = |2〉〈1|
√
Γ′ρ′′22(t3)
L(t4−t3)−−−−−−→
ρ′′′(t4) =
√
Γ′ρ′′22(t3)|2〉〈1|e−(Γ
′/2+iω′)(t4−t3) −→
√
Γ′Tr[σ3ρ′′′(t4)] (25)
The calculation of the coherence functions with i 6= l and j 6= k proceeds along the same lines. As in the case of the
two-time expectation values, one can easily show that all coherence functions with j 6= i + 2 and k 6= l + 2 vanish
identically.
II. APPENDIX B: DERIVATION OF THE OPERATORS Xcd AND Ya′b′
If state at the input modes a and b of the beam splitter is given by the Bell state |Ψ−ab〉 = (|1aH , 1bV 〉−|1aV , 1bH〉)/
√
2,
then the state at the output ports takes the same form: |Ψ−cd〉 = (|1cH , 1dV 〉 − |1cV , 1dH〉)/
√
2 (see the input output
7relations in Eq. 6 of the manuscript). All the other Bell states at the input ports a and b evolve into states where both
photons are localized in the same mode, either c or d. The probability corresponding to |Ψ−ab〉 can thus be identified
with that of detecting a coincidence in c and d, provided that the maximum number of photons in the system is 2.
The probability of having, in the modes a′ and b′, the Bell state |Ψ−a′b′〉 = (|1a′H , 1b′V 〉 − |1a′V , 1b′H〉)/
√
2 can be
identified with the expectation value of the operator Ya′b′ (see Eq. 9 in the manuscript). The underlying assumption
is that the density matrix of the two modes ρa′b′ only includes states corresponding to no more than two photons. If
this is the case, then:
Tr
[
ρa′b′ |Ψ−a′b′〉〈Ψ−a′b′ |
]
=
1
2
Tr
[
ρ
(
a†a′Ha
†
b′V |0〉〈0|aa′HadV + a†a′V a†b′H |0〉〈0|aa′V adH − a†a′Ha†b′V |0〉〈0|aa′V adH (26)
−a†a′V a†b′H |0〉〈0|aa′Hab′V
)]
=
1
2
Tr
[
ρa′b′
(
a†a′Ha
†
b′V Iaa′Hab′V + a†a′V a†b′HIaa′V ab′H − a†a′Ha†b′V Iaa′V ab′H (27)
−a†a′V a†b′HIaa′Hab′V
)]
= 〈Ya′b′〉. (28)
The second equation above is obtained by replacing the projector on the vacuum state |0〉 with the identity operator
I = |0〉〈0|+
∑
na′V +na′H+nb′V +nb′H>0
|na′V , na′H , nb′V , nb′H〉〈na′V , na′H , nb′V , nb′H |, (29)
and is satisfied because the density matrix ρa′b′ only includes, by assumption, only zero-, one-, and two-photon states.
The expectation value of a term obtained by applying twice the creation operators to any projector of I, other than
|0〉〈0|, would thus vanish identically.
III. APPENDIX C: DERIVATION OF THE FOUR-PHOTON PROBABILITIES AND COHERENCES
The probability related to the detection of four photons, one for each of the modes c, d, a′, b′, at times t1, t2, t3, t4,
respectively, is given by the following expression:
p(t1, t2, t3, t4) =
Γ2
2
[
〈a†cH(t1) a†dV (t2) a†a′H(t3) a†b′V (t4)ab′V (t4) aa′H(t3) adV (t2) acH(t1)〉 (30a)
+ 〈a†cH(t1) a†dV (t2) a†a′V (t3) a†b′H(t4)ab′H(t4) aa′V (t3) adV (t2) acH(t1)〉 (30b)
+ 〈a†cV (t1) a†dH(t2) a†a′H(t3) a†b′V (t4)ab′V (t4) aa′H(t3) adH(t2) acV (t1)〉 (30c)
+ 〈a†cV (t1) a†dH(t2) a†a′V (t3) a†b′H(t4)ab′H(t4) aa′V (t3) adH(t2) acV (t1)〉 (30d)
− 〈a†cH(t1) a†dV (t2) a†a′H(t3) a†b′V (t4)ab′H(t4) aa′V (t3) adV (t2) acH(t1)〉 (30e)
− 〈a†cH(t1) a†dV (t2) a†a′V (t3) a†b′H(t4)ab′V (t4) aa′H(t3) adV (t2) acH(t1)〉 (30f)
− 〈a†cV (t1) a†dH(t2) a†a′H(t3) a†b′V (t4)ab′H(t4) aa′V (t3) adH(t2) acV (t1)〉 (30g)
− 〈a†cV (t1) a†dH(t2) a†a′V (t3) a†b′H(t4)ab′V (t4) aa′H(t3) adH(t2) acV (t1)〉
]
. (30h)
Here, the terms (a-d) correspond to the probability of detecting photons of defined linear polarization (and defined
frequency) at each of the detectors. In particular, the modes c and d (coupled to D1 and D2, see Fig. 1 of the
manuscript) correspond to a frequency ω, while a′ and b′ (coupled to D3 and D4) correspond to a frequency ω′.
The remaining four terms (e-h) cannot be individually interpreted in terms of a probability. They rather correspond
to fourth-order coherences, and account for quantum interference effects affecting the four-photon detection. More
specifically, the interference is between paths that differ from one another with respect to the linear polarizations of
the photons at the modes a′ and b′. This can be seen by comparing, in each term, the pedices of the time-ordered
creation operators with those of the time-ordered annihilation operators.
In order to compute the above expectation values, we first express the operators of the modes c and d as a function
of those of a and b, by means of the input-ouptut relation of the balanced beam splitter (see Eq. 6 of the manuscript).
Then, the field operators are replaced by the ladder operators of the corresponding QD transitions, by applying the
source-field relation (Eq. 7). Here, we assume that the traveling time of each photon from the source to the detector
is the same, such that the common time delay between the photon emission and its detection can be omitted. The
8resulting expression of the probability density is given by:
p(t1, t2, t3, t4) =
1
8
[
〈σ†1A(t1)σ†2B(t2)σ†3A(t3)σ†4B(t4)σ4B(t4)σ3A(t3)σ2B(t2)σ1A(t1)〉 (31a)
+ 〈σ†2A(t1)σ†1B(t2)σ†4A(t3)σ†3B(t4)σ3B(t4)σ4A(t3)σ1B(t2)σ2A(t1)〉 (31b)
+ 〈σ†1B(t1)σ†2A(t2)σ†3B(t3)σ†4A(t4)σ4A(t4)σ3B(t3)σ2A(t2)σ1B(t1)〉 (31c)
+ 〈σ†2B(t1)σ†1A(t2)σ†4B(t3)σ†3A(t4)σ3A(t4)σ4B(t3)σ1A(t2)σ2B(t1)〉 (31d)
+ 〈σ†1A(t1)σ†2B(t2)σ†3A(t3)σ†4B(t4)σ3B(t4)σ4A(t3)σ2A(t2)σ1B(t1)〉 (31e)
+ 〈σ†2A(t1)σ†1B(t2)σ†4A(t3)σ†3B(t4)σ4B(t4)σ3A(t3)σ1A(t2)σ2B(t1)〉 (31f)
+ 〈σ†1B(t1)σ†2A(t2)σ†3B(t3)σ†4A(t4)σ3A(t4)σ4B(t3)σ2B(t2)σ1A(t1)〉 (31g)
+ 〈σ†2B(t1)σ†1A(t2)σ†4B(t3)σ†3A(t4)σ4A(t4)σ3B(t3)σ1B(t2)σ2A(t1)〉
]
. (31h)
Also these terms can be divided into two groups. In the first four (lines (a-d)), the pedices of the time-ordered raising
operators coincide with those of the time-ordered lowering operators. These terms are real and nonnegative, and each
of them can be interpreted as a probability and associated with one of the four ways in which the four emitted photons
can reach the four detectors (Fig. 2 of the manuscript). The remaining four terms (e-h) can be interpreted in terms
of quantum interference. In particular, the interference is between paths characterized by the same polarizations but
different origin (dot A or B) of the red photons that reach D1 (at time t1) and D2 (at time t2), and same source but
different polarization of the photons that reach D3 and D4.
Being the dynamics of each dot independent from that of the other one, each of the above expectation values can
be factorized into the product of two second-order coherence functions, one for each QD:
p =
1
8
[
GA1331(t1, t3, t3, t1)G
B
2442(t2, t4, t4, t2) + G
A
2442(t1, t3, t3, t1)G
B
1331(t2, t4, t4, t2) (32a)
+ GB1331(t1, t3, t3, t1)G
A
2442(t2, t4, t4, t2) + G
B
2442(t1, t3, t3, t1)G
A
1331(t2, t4, t4, t2) (32b)
+ GA1342(t1, t3, t3, t2)G
B
2431(t2, t4, t4, t1) + G
A
2431(t1, t3, t3, t2)G
B
1342(t2, t4, t4, t1) (32c)
+ GB1342(t1, t3, t3, t2)G
A
2431(t2, t4, t4, t1) + G
B
2431(t1, t3, t3, t2)G
A
1342(t2, t4, t4, t1)
]
. (32d)
By replacing in Eq. 32 the expressions of the second-order coherence functions (Eq. 4 of the manuscript), one can
show that all 8 contributions are finite and identical to one another for t1, t2 < t3, t4. For t1 > t3 and t2 < t4, or
t1 < t3 and t2 > t4, instead, the former 4 terms (lines (a-d)) are still finite, whereas the latter four contributions (e-h)
vanish identically (Eq. 15 of the manuscript).
IV. APPENDIX D: DERIVATION OF THE PROBABILITY α
The probability that one QD emits a blue photon before the other dot emits a red photon is given by the following
expression:
α =
2∑
i=1
∑
χ=A,B
Γ
∫ ∞
0
dtρχ44(t)
∫ t
0
dt1
∫ t
t1
dt2G
χ¯
ijji(t1, t2, t2, t1) =
Γ′
2Γ + Γ′
, (33)
where A¯ = B, B¯ = A, and j = i + 2. In fact, the probability density corresponding to the emission at time t of
a photon with a given polarization by a given dot χ is given by Γρχ44(t). The probability that the other dot χ¯ has
already emitted two photons of, e.g., polarization H at that time, is given by the time integral of G1331(t1, t2, t2, t1)
over t1 < t2 < t. Being the two probabilities related to different and independent system, the joint probability is
given by the product of the two above probabilties, integrated in time (t) from 0 to∞. Finally, in order to obtain the
overall probability α, we sum over all the possible polarizations of the three photons, and both the possibile identities
of the dot that emits the last (χ).
V. APPENDIX E: DERIVATION OF THE COHERENCE FUNCTIONS IN THE PRESENCE OF
FINE-STRUCTURE SPLITTING AND SPECTRAL INHOMOGENEITY
If the levels 2 and 3 of each dot are not degenerate, the expressions of the second-order coherence functions
considered so far have to be generalized. In particular, by following the steps outlined in the first Section of the
9present Supplemental Material, one can show that the functions Gijkl(t1, t2, t2, t1) with i = l and j = k are left
unaffected. Instead, the functions with i 6= and j 6= k become (t1 < t2 < t3 < t4):
G1342(t1, t3, t4, t2) = ΓΓ
′e−2Γt1−[(Γ+Γ
′/2)+iω42](t2−t1)−(Γ′+iω32)(t3−t2)−(Γ′/2−iω21)(t4−t3). (34)
The additional oscillating terms that appear in the above two equations as a consequence of the fine-structure splitting
result from the modified time evolution of the coherences, which replaces the one reported in Eq. 24:
ρ′32(tk+1) = ρ
′
32(tk)e
−(Γ′+iω32)(tk+1−tk). (35)
Besides, the frequency ω is replaced either by ω42 or ω43, depending on whether the photon polarization is H or V ,
and ω′ is replaced either by ω21 or ω31.
The above expression of the second-order coherence functions are used to derive the probability density p. In
particular, this applies to the terms rkl (Eq. 14 of the manuscript), whereas the qkl (Eq. 13) are left unchanged with
respect to the case of identical dots with no fine-structure splitting. As in that case, the generalized expressions of
rkl are summed with respect to k and l, and time integrated, which leads to Eq. 18 of the manuscript.
VI. APPENDIX F: DERIVATION OF R WITH THE PARTIAL QUANTUM ERASURE
In order to erase both the which-way information encoded in the time correlation of the cascaded photons and in
the fine-structure splitting, one needs to exchange the blue photon emitted with polarization, e.g., H by dot A with
the blue photon emitted with polarization V by dot B. This can be achieved by rotating the linear polarization of a′
by pi/2, then applying a polarizaing beam-splitter, and finally rotating the linear polarization back:
σ3A −→ aa1V −→ ab2V −→ ab′V (36)
σ4A −→ aa1H −→ aa2H −→ aa′V (37)
σ3B −→ ab1H −→ ab2H −→ ab′H (38)
σ4B −→ ab1V −→ aa2V −→ aa′H . (39)
The resulting change in the source-field relations for the red photons (Eq. 19 of the manuscript) leads to the replace-
ment of Eq. 31 above with the following equation:
p(t1, t2, t3, t4) =
1
8
[
〈σ†1A(t1)σ†2B(t2)σ†4B(t3)σ†3A(t4)σ3A(t4)σ4B(t3)σ2B(t2)σ1A(t1)〉 (40a)
+ 〈σ†2A(t1)σ†1B(t2)σ†4A(t3)σ†3B(t4)σ3B(t4)σ4A(t3)σ1B(t2)σ2A(t1)〉 (40b)
+ 〈σ†1B(t1)σ†2A(t2)σ†3B(t3)σ†4A(t4)σ4A(t4)σ3B(t3)σ2A(t2)σ1B(t1)〉 (40c)
+ 〈σ†2B(t1)σ†1A(t2)σ†3A(t3)σ†4B(t4)σ4B(t4)σ3A(t3)σ1A(t2)σ2B(t1)〉 (40d)
+ 〈σ†1A(t1)σ†2B(t2)σ†4B(t3)σ†3A(t4)σ3B(t4)σ4A(t3)σ2A(t2)σ1B(t1)〉 (40e)
+ 〈σ†2A(t1)σ†1B(t2)σ†4A(t3)σ†3B(t4)σ3A(t4)σ4B(t3)σ1A(t2)σ2B(t1)〉 (40f)
+ 〈σ†1B(t1)σ†2A(t2)σ†3B(t3)σ†4A(t4)σ4B(t4)σ3A(t3)σ2B(t2)σ1A(t1)〉 (40g)
+ 〈σ†2B(t1)σ†1A(t2)σ†3A(t3)σ†4B(t4)σ4A(t4)σ3B(t3)σ1B(t2)σ2A(t1)〉
]
. (40h)
Once again, being the dynamics of each dot independent from that of the other one, each of the above expectation
values can be factorized into the product of two second-order coherence functions:
p =
1
8
[
GA1331(t1, t4, t4, t1)G
B
2442(t2, t3, t3, t2) + G
A
2442(t1, t3, t3, t1)G
B
1331(t2, t4, t4, t2) (41a)
+ GB1331(t1, t3, t3, t1)G
A
2442(t2, t4, t4, t2) + G
B
2442(t1, t4, t4, t1)G
A
1331(t2, t3, t3, t2) (41b)
+ GA1342(t1, t4, t3, t2)G
B
2431(t2, t3, t4, t1) + G
A
2431(t1, t3, t4, t2)G
B
1342(t2, t4, t3, t1) (41c)
+ GB1342(t1, t3, t4, t2)G
A
2431(t2, t4, t3, t1) + G
B
2431(t1, t4, t3, t2)G
A
1342(t2, t3, t4, t1)
]
. (41d)
Integration in time of the probability density p finally leads to:
R
Q
= Real
{
Γ′
2Γ′+iδ32
[(
Γ
2Γ+Γ′+iδ42
+
Γ
2Γ+Γ′−iδ43
)(
Γ′
Γ′−iδ21 +
Γ′
Γ′+iδ31
)]
+
Γ′
2Γ′+iδ41
(
Γ
2Γ+Γ′+iδ42
Γ′
Γ′+iδ31
+
Γ
2Γ+Γ′−iδ43
Γ′
Γ′−iδ21
)}
, (42a)
which reduces to Eq. 20 of the manuscript for Γ = Γ′.
